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Abstract- An etfcient numerical implementation of 
the Integral Equation technique (IE) has been devel- 
oped for the analysis of the electrical characteristicsof 
finite microstrip structures. The technique formulates 
a volume version of the IE for the finite dielectric ob- 
jects. The numerical implementation combinesrooftop 
basis and testing functions for the conducting metallic 
areas, and two different choices for the dielectric ob- 
jects. The first is based on a classical approach, com- 
bining pulse basis functions and deltas for testing. The 
second is a novel full Galerkin approach which employs 
rooftop functions defined on brick cells inside the di- 
electrics. The input impedances of two microstrip an- 
tennas have been computed with the new technique, 
showing good agreement with respect measurements. 
Also the radiation patterns of the antennas have been 
evaluated, showing again good agreement with respect 
measurements. The practical value of the approach is 
that microstrip circuits can be designed minimizing the 
volume and size of the dielectric substrates. In addi- 
tion, it is possible to accurately predict the backward 
radiation of practical microstrip radiators. 

The study of microstrip structures is a subject that is 
attracting much attention in microwave engineering, spe- 
cially for their mecbamcal advantages and for the integra- 
tion capabilities with other Radiofrequency circuits offered 
by lhese configuraLions [l], 

For the analysis of microstrip stnxtwes, the Integral 
Equation (IE) technique in combination with the multi- 
layered media Green’s functions formulated both in the 
spectral [Zl and in the spatial I31 domain, has grown is 
popularity. Using this approach, the information of the 
dielectric layers is included in the Green’s functions, so 
that the numerical treatment of the problem is reduced 
to the metallic areas printed on the substrates, thus con- 
siderably increasing the efficiency of the technique. A big 
limitation of this approach is that the dielectric layers are 
considered to be of infinite transverse dimensions [3]. The 
practical circuits, however, must be of finite size. In order 
to obtain accurate results with respect the infinite model, 
the size CE the substrates must contain several wavelengths 
of the circuit, therefore approaching the ideal infinite size 
situation. A drawbackof this design procedure is that the 
size and volume ofthe total circuit can not be conveniently 
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optimized, which might not be acceptable in many satellite 
and space applications. In addition, the infinite size anal- 
ysis can not extract other important information such as 
the backside radiation OF printed microstrip antennas [4]. 
Finally, a third limitation of this technique is that, while 
the analysis d strictly planar geometries is relatively easy 
[4], the same is generally not true when vertical or arbitrar- 
ily oriented metalizations are included inside the dielectric 
layers [3], [5]. 

The techniques that are readily available for the anal- 
ysis of full 3D finite microstrip structures are the finite 
elements, finite differences, or the method of lines. These 
techniques, however, require very intensive numerical com- 
putations, specially because the whole volume around the 
structure must be discretized, often in combination of some 
sort of absorbing boundary condition [6]. As regards the 
integral equation technique, some previous attempts for 
the analysis of finite microstrip structures have been re- 
ported, both using volume and surface equivalent formu- 
lations [7], [a]. However, only very preliminary results of 
very simple structures have been presented in [s]. Also in 
[S] the radiation patterns obtained with volume and sur- 
face formulations appear not to agree well, thus indicating 
limited accuracy in the presented results. In addition, to 
the authors knowledge no precise investigation of the input 
impedance of microstrip structures has ever been reported 
in the literature. 

In this contribution we present two efficient numerical 
implementations of the volume equivalent integral equa- 
tton technique applied to the analysis of finite mlcrostrip 
structures. The technique combines rooftop basis and test- 
ing functions for the conductor areas with two different 
choices for the finite dielectric objects. The first is based 13: 
on combining pulse basis functions and deltas for testing, Elm 
in asimilar way as presented in [8]. Unlike the technique in 
[S]. however, the use of rooftop basis and testing functions 
for the conductor areas increases the numerical stability of 
the method, and accurate results are shown to be obtained, 
both for the input impedance and for the radiation pat- 
terns of microstrip’antennas. The second choice to treat 
the finite dielectric objects is a full Galerkin approach, 
which employs rooftop basis and testing functions defined 
in the volume of the brick cells used in the discretiaation of 
the dielectrics. The advantage CE this second formulation 
is that the the derivatives on the scalar potential Green’s 
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functions are avoided, therefore reducing considerably the 
level of singularity in the subsequent integration process. 

In thiS contribution, results obtained with both ap- 
proaches are shown to be accurate, both for the input 
impedance of microstrip antennas and for the radiation 
patterns, including the backside radiation characteristics. 

II. THEORETICAL OUTLINE 

The formulation of a finite size microstrip structure as 
shown in Fig. 1 using lhe volume equivalenl inlegral equa- 
tion technique follows the considerations presented in [8]. 

For the metallic areas the boundary condition to impose 
is zero tangent electric field, namely: 

In above equation, 4-j is the exciting electric field, 
which represents the excitation of the microstrip structure 
of Fig. I. In this work the circuit is excited with a coaxial 
probe, and a delta gap excitation model as described in 
[9], [lo] is used. In addition, Et -(Bcat) is the scattered field, 
which for the microstrip structure of Fig. 1 is due to both 
polarization currents on the dielectric and surface currents 
on the metallic areas: 

where GE, is the generic electric field Green’s function 
produced by an electric current, JP are the polarization 
currents defined on the volume of the dielectric objects, 
and J. are the surface currents induced on the metallic 
xeas of the structure. In the present work, the mixed 
potential Green’s functions are used instead af the field 
Green’s functions in order to reduce the singular behav- 
ior [ll]. Furthermore, in the dielectric region the volume 
equivalent imposes the following restriction on the total 
electric field: 

If we use the delta gap excitation model [9], [lo], the excit- 

ing electric field Ep”’ only exist at the connector position 
contacting the exciting coaxial probe, and therefore it is 
zero inside the dielectric. Using (1)x can then reduce 
(3) as follows 

ip = j w (& - &O) @s-t) I”, (4) 

Combining now equations (l), (2) and (4), the following 
system of coupled integral equations are easily obtained: 

&, i, dV’ - 

the solution of this system of integral equations gives the 
unknown polarization currents inside the dielectrics JP and 
induced surface currents on the metallic areas JS. Once 
known, the electromagnetic fields in the structure can be 
easily recovered with (2). 

III. NUMERICAL IMMPLEMEN’WPION 

For the numerical solution of (5), the surface of the 
metallic areas are always discretized using rooftop basis 
and testing functions. This has been shown to be by far 
the best choice for representing the induced currents on 
the printed metallic areas of microstrip structures Ill]. In 
the present work, this selection has proven to lead to accu- 
rate results when obtaining the scattering parameters and 
input impedances of printed microstrip circuits. 

For the discretieation of the finite dielectric objects, a 
first choice has been presented in [8]. In this case a combi- 
nation of pulse basis functions with deltas for testing is se- 
lected. This formulation leads to a matrix system which is 
not symmetrical, since the testing procedure on the surface 
of the metallic areas is performed in a different way as the 
testing in the dielectric volume. In particular, when the 
base is taken in the melallic areas and Ihe tesling in the di- 
electric, the gradient of the electric scalar potential Green’s 
function can not be avoided. In this case the reaction in- 
tegrals contain a singularity of the order of (l/?), which 
can not be extracted easily with numerical procedures. To 
avoid the singularity, the testing using deltas is applied to 
the center point of the volume cell. The advantage of doing 
so is that the testing point never lies inside the base inte- 
gration, therefore avoiding the singularity of the Green’s 
function. However, if the thickness d the dielectric sub- 
strate is electrically very small, then a Green’s function 
exhibitmg fast variations must be integrated, since then 
the testing point lies very close to the base integration. 
For the examples shown in this paper (substrate thickness 
t < 0.0001 A), as many as 240 points were needed in the 
surface integration of the metallic printed areas in order 
to treat conveniently this quasi-singular situation. When 
the thickness of the substrate increases up to (t > 0.01X), 
then only 24 points are needed to achieve a similar degree 
of accuracy. 

To overcome this limitation, a novel numerical treat- 
ment of the finite dielectric objects has been implemented. 
In this case a full Galerkin approach employing rooftop 
functions inside the dielectric objects is formulated (see 
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Fig. 2 for the definition d the basis and testing functions). 
The first advantage of this technique is that it produces a 
fully symmetrical n-i&ix system. In addition, for all the 
interactions the gradient of the electric scalar potential is 
transferred to the testing function, resulting in a constant 
charge defined inside the volume of the brick cell used for 
the discretiaation of the geometry. Consequently, the eval- 
uation of all the reaction integrals requires the treatment 
of weak singularities of the type (l/r). In the present work 
these weak singularities are treated numerically following 
simple procedures. The singular surface integrals are eval- 
uated using polar coordinates, since the Jacobean of the 
polar transformation exactly compensate the weak singu- 
larity of the Green’s functions. Following the same idea, 
the volume singular integrals are evaluated using spherical 
coordinates. In this case the Jacobean d the transforma- 
tion is (r”). which completely annhilate the weak (l/r) 
singularity d the Green’s functions. The total function to 
be integrated behaves wy smoothly, thus requiring only 
64 points for each volume integral to achieve convergence, 
even for very small substrate thickness. 

IV. RESULTS 

The efficient numerical implementation of the volume 
equivalent integral equation technique derived in this pa- 
per has allowed for the first time to evaluate precisely the 
input impedance and radiation characteristics of finite mi- 
crostrip antennas. 

The first structure investigated is the microstrip patch 
antenna presented in [8] (Fig. 3). However [B] does not 
give results on the input impedance of the antenna, and in 
[8]the radiation patterns obtained with a volume equiva- 
lent and with a surface equivalent formulation do not agree 
well, therefore indicating the presence OF inaccuracies. In 
Fig. 4 we present for the first time the input impedance of 
this antenna. The figure shows the results obtained with 
the two approaches developed in this paper and the re- 
suits obtained with a spatial domain multilayered Green’s 
functions infinite dielectric model [ll]. It can be seen that 
in this case the three techniques agree very well, and in 
particular a radiation resonance appears at 1.875 GHz. 
The radiation patterns of this structure at the resonant 
frequency are shown in Fig. 5a (E-plane) and Fig. 5b (H- 
plane). The figures only show the results obtained with 
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rooftop in the substrate since the results obtained with 
pulses are very similar. The ligures also show the ~esulls 
obtained with the infinite substrate model, and the re- 
suits presented in [S]. The radiation patterns arc similar 
in all cases in the upper half space, but not in the lower 
half space. In particular, with the infinite substrate model 
there is no information about the radiation patterns in the 
backside region. 

In order to verify the results obtained with the new nu- 
merical implementation of the volume equivalent integral 
equation, a second microstrip patch antenna presented in 

(‘p = 0) (Ip = r/a 

a) E-Plane (dB) b) H-Plane (dB) 

Kg. 5. Radmtion patterns of the antenna presented in [S]. 
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Fig. 7. 1npvt impedance of *he lcT”Ct”re shown in Fig. 6 

[12] is studied (Fig. 6). First, We present in Fig. 7 the in- 
put impedance of this antenna, and we compare the results 
with data obtained from measurements. Also the results 
obtained with the infinite dielectric model are included for 
reference. It can be seen that in all cases the results are 
good, but the input impedance obtained with the new fi- 
nite dielectric model is closer to measuxments than the 
infinite. dielectric model. In this case, then, it is impor- 
tant to take into account the side effects OE the finite size 
dielechic substrate if accurate results are desired. 

Finally, we present the radiation patterns of this stnlc- 
ture at 5.94 GHz in Fig. 8a (E-plane) and Fig. 8b (H- 
plane). The figures compare the results obtained with the 
new approach, with the infinite substrate results, and with 
measurements. It can be seen that the agreement is good. 
and in particular the backside radiation predicted by the 
new numerical model is very closed to the real measured 
radiation patterns. 

v. CoNCLUsloNs 
In this paper we have presented two efficient numerical 

implementations of the volume equivalent integral equa- 
tion technique. The new models have been applied to the 
calculation of the electrical characteristics of finite size 
microstrip structures. Both the input impedance of mi- 
crostrip patch antennas and the radiation patterns are in 
good agreement as compared to measurements. The new 
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